A classification of the set-theoretic total recursive

functions of KPI
Wormshop 2024

Anton Ferndndez Dejean
Juan Pablo Aguilera
Joost J. Joosten

04 August, 2024

Anton Ferndndez Dejean Total set functions of KPI 1/30



Table of Contents

Q@ KP and KPI

@ The Main Theorem

© The Ordinal Notation System
@ The system RS;(X)

© The embedding Theorem

@ The proof of the Main Theorem

Anton Ferndndez Dejean Total set functions of KPI 2/30



KP and KPI

Axioms of KP in the language £ = {€, ¢}
© Logical Axioms: ', A, —A for any formula A,
@ Leibniz Principle: I',a = b A B(a) — B(b) for any formula B,
Q Pair: I,3z(aezAbe 2),
@ Union: T,3zVy € aVx € y(x € 2),
© Ay-Separation:

I 3y[vx € y(x € aA B(x)) AVx € a(B(x) — x € y)],

for any Ag-formula B.

@ Class Induction: T, ¥x[Vy € xB(y) — B(x)] = ¥x B(x)
for any formula B,

@ Infinity: I',3x[3z € x(z € x) AVy € xJz € x(y € z)],

Q Ap-Collection: T,Vx € adyB(x,y) — 3zVx € ady € z B(x, y) for any
Ap-formula B.
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Axioms of KPI in the language £’ = {€, ¢, Ad, ~Ad}:
© Logical Axioms,
@ Leibniz Principle,
Q Pair,
@ Union,
@ Ag-Separation,
@ Class Induction,
@ Infinity,
Q Adl: I'Vx[Ad(x) = w € x A Tran(x)],
Q Ad2: T)VxVy[Ad(x) NAd(y) > x€yVx=yVy€x],
@ Ad3: T,Vx[Ad(x) — (Pair)* A (Union)* A (Ao — Sep)* A (Ao — Coll)¥],
@ Lim: I',Vx3y[Ad(y) A x € y].

Anton Ferndndez Dejean Total set functions of KPI 4/30



The rules of inference are the following.

rnAa TI,B
) e
rLAAB
) A ) rB
rLAVB rLAVB
IaebAB(a) . I, B(a)
I, 3x € b B(x) I, 3x B(x)
laeb— B(a) I, B(a)
bY) ————% ) =
I Vx € b B(x) Ivx B(x)
LA T,-A
(Cut) —
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The Main Theorem

Definition

Let X be any set. We define for every ordinal « the set L, (X) as:

Lo(X) = TC({X3}),
Lo+1(X) ={Y C Lo(X) : Y is definable over (L,(X),€)},
Ly(X) = Upery La(X) if v is a limit.

«
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The Main Theorem

Let X be any set. We define for every ordinal o the set L,(X) as

Lo(X) = TC({X3}),
O[+1(X) {Y C Lo(X) : Y is definable over (L,(X),€)},
Ly(X) = Upery La(X) if v is a limit.

Theorem (Main Theorem)

Let f be a set-recursive function such that KPI proves that f is total and

uniformly ¥-definable in any admissible set. Then, there is some natural number
n such that

V EVx(f(x) € Ga(x)).

The premises of the theorem say:

KPI - Ad(u) — [Vx € udly € u As(x,y)"].
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The Ordinal Notation System

The proof of the main theorem relies on the (relativized) ordinal analysis of KPI.
The ordinal analysis of a theory T assigns to T the ordinal «, the proof-theoretic

ordinal of T: « is the supremum of the ordinals 3 such that T proves transfinite
induction up to S.
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The Ordinal Notation System

The proof of the main theorem relies on the (relativized) ordinal analysis of KPI.
The ordinal analysis of a theory T assigns to T the ordinal «, the proof-theoretic
ordinal of T: « is the supremum of the ordinals 3 such that T proves transfinite
induction up to S.

The set X is a fixed set. The set-theoretic rank of X is 6. The sequence
(Q, 1 n < w) enumerates the first “w + 1-many” uncountable regular cardinals

such that xk > 6.

Each Lg,(X) is admissible.
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The Ordinal Notation System

The proof of the main theorem relies on the (relativized) ordinal analysis of KPI.
The ordinal analysis of a theory T assigns to T the ordinal «, the proof-theoretic
ordinal of T: « is the supremum of the ordinals 3 such that T proves transfinite
induction up to S.

The set X is a fixed set. The set-theoretic rank of X is 6. The sequence

(Q, 1 n < w) enumerates the first “w + 1-many” uncountable regular cardinals
such that x > 0.

Each Lg,(X) is admissible.
O,(1,2,...,w,w—|— 1,...),F0,F1,FQ,...,FQ,(FQH,...),Qo,Ql,. --7Qw-

For each 3, we have 6, < Tg — ¢s5(¢) < Ig.
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For every a, for every n < w, we define B,(a) by induction on n.

@ By(a) is the closure of {0} U{l5: 8 <0} U{Q, : m < w} under +,¢.(+)
and Yy | « for every k < w.
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For every a, for every n < w, we define B,(a) by induction on n.

@ By(a) is the closure of {0} U{l5: 8 <0} U{Q, : m < w} under +,¢.(+)
and Yy | « for every k < w.

@ B,i1(a) is the closure of Q, U {Q,, : m < w} under +,¢.(-) and ¢y | « for
every k < w.
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For every a, for every n < w, we define B,(a) by induction on n.

@ By(a) is the closure of {0} U{l5: 8 <0} U{Q, : m < w} under +,¢.(+)
and Yy | « for every k < w.

@ B,i1(a) is the closure of Q, U {Q,, : m < w} under +,¢.(-) and ¢y | « for
every k < w.

The ordinal collapsing function v, is defined as 1,(a) = min{5 : 8 ¢ B,()}.
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For every ordinal o« and every natural number n, we have:

Q@ () is a strongly critical ordinal,
9 F9+1 < ¢o(a) < Q() and Qn < wn+1(a) < Qn+1.
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For every ordinal o« and every natural number n, we have:

Q@ () is a strongly critical ordinal,
9 F9+1 < Z[Jo(a) < Q() and Qn < wn+1(a) < Qn+1.

A picture of B,(«):

0,1, ..,w,w+ 1,0, + 1, Ypr1(a), Ypr1(a) + 1, .
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Definition
Let o be an ordinal. We define the normal form of « as follows.

Qa=ppas+---Fa,iffa=a;+ -+ a, n>1, where the ordinals
Qi,...,a, are written in normal form and are additive principal and
Qp > 2 Qp,

Q o =nF pai1an iff @ = pajas with g, an < a and ag, ap are written in
normal form,

Q a =nr ¥p(aq) iff & = P,(a1) with a; € B,(a1) and «g is written in normal
form.
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Definition

We define T(6) as the set of strings in the language
{0, 4,0t U{lg: B <0tU{Q,:n<w}U{¢,: n<w} corresponding to ordinals
written in normal form from the closure of {0} U{ls: 8 < 0} U{Q,: n < w}

under +, @, ¥, for n < w.

The set T(0) and the order < on T () induced by the ordering of ordinals are
primitive recursive in 0.

From now on, we consider that all the ordinals belong to T(#).
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The system RS;(X)

Definition

The set T of RS;(X)-terms is defined as follows. Each term has an ordinal level.
@ uc T forevery uc TC({X}) and [U] = Nank(u)-
@ Lo(X) €T for every a < Q, and |Lo(X)| =Tg41 + .

0 [x € Lo(X): B(x,51,...,5,)-X)] € T for every a < Q,,, for every
KPI-formula B(x, y1, ..., ys) and every si,...,s, € T with
Isil, - |sn| < To+1 + . Moreover,
|[X € La(X) : B(Xa S1, - - '75n)La(X)]| = r9+1 + .

In particular, we have |Lq,(X)| = Q, for every n < Q,,.
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Definition

The RS;(X)-formulas are exactly the KPI-formulas replacing free variables by
RS;(X)-terms and restricting all unbounded quantifiers to RS;(X)-terms.
The RS;(X)-formulas of the form T € V or T ¢ V are called basic.

We will say that a formula A(sq, ... ,s,,)LQn(X) is ¥ iff A(x1, ..., Xn) is a KPI
Y-formula and [si|,...,|sn| < Qp.
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Definition

The RS;(X)-formulas are exactly the KPI-formulas replacing free variables by
RS;(X)-terms and restricting all unbounded quantifiers to RS;(X)-terms.
The RS;(X)-formulas of the form T € V or T ¢ V are called basic.

We will say that a formula A(sq, ... ,s,,)LQn(X) is ¥ iff A(x1, ..., Xn) is a KPI
Y-formula and [si|,...,|sn| < Qp.

For example, from the KPI-formula ¥Yx€y 3z (x€z) we get the ¥*-formula
Vx€ Lo, (X)3zeLlg, (X) (xez).

Anton Ferndndez Dejean Total set functions of KPI 13 /30



We will use the following abbreviations.

Definition
@ s =t will stand for Vx € s(x € t) AVx € t(x € s).

@ —Ais obtained from A by replacing € by ¢ and vice-versa, V by A and
vice-versa, V by 3 and vice-versa and Ad(-) by —Ad(:) and vice-versa.

© A — B will stand for —AV B.
@ Let s and t be terms such that |s| < |t]|. For o € {A,—}, we define
TEVOoA(U,V) ifset=Tev,

s € toA(s,t) =< A(s, t) if t = La(X),
B(s)o A(s,t) if t =[x € Lo(X) : B(x)].

Anton Ferndndez Dejean Total set functions of KPI 14 /30



Definition
An operator is a function H : P(ON) — P(ON) such that for every
Y, Y’ € P(ON) the following conditions are satisfied.

Q {0JU{ls:B8<O+13U{Q;:i<w}CH(Y).
Q Leta=pra;+---+a, Then, a € H(Y) iff as,...,a, € H(Y).
O Let o =nF paran. Then, a € H(Y) iff o, a0 € H(Y).
Q Y CH(Y).
@ If Y CH(Y') then H(Y) C H(Y").
Moreover, H will often denote H(().
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Let H be an operator and let I be a set of formulas. We have that I is derived by
an H-controlled derivation with ordinal « whenever {a} U k(') C H and one of
the following axioms or rules can be applied.

Axioms:

’Hli I, uevforany u,v e TC({X}) such that u € v,

’Hli I,u¢vVvforany u,v e TC({X}) such that u ¢ v.
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Rules:

HI-T,ANB,A  HF-T,AAB,B

ap, 01 < (@
HI“T,AANB
HIT,AVB,A
op < @
HI“T,AVB
HI™T,AVB,B
(V) ap < «

HI*T,AVB
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HITret,sétAr=s Qo < @,
(€) - 5| < |,
'Hl—r,ret Is| < Toq1+
r € t not basic.

H[s]lir,rgét,sét—>r7£sfora|l|s|<|t| o < a,
"Hlil'rgét r € t not basic.

Anton Ferndndez Dejean Total set functions of KPI 18 /30



HEST,3x € t B(x),s € t A B(s) ag < o,
(b63) . Is| < |¢l.
Hl—r,ﬂxetB(x) Is| < Tos1 + a.

Hls] = rVxet B(x),s € t — B(s) for all |s| < |t]
(bV) as < «
HI“T,Vx et B(x)
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HF-T,Ad(t), t = L, (X ap < a,
gy LT A, £ = Lo (X) n

HIET, Ad(t) Q, < |t.

HI T, =Ad(t), t # Lo, (X) for all n < w
(-Ad) < a
HIE T, -Ad(t)
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HICT A HEST,-A
(Cut) ap < a

HE-T

HI™T, 32 € Lo, (X) A7, Abar(X) 00,2, <

(Ref,,) ;
X li M3z € Lo, (X) A? Ais a X formula.
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We define the rank of a term or formula by recursion.
© 1k(T) = Mank(u),
0 rk(Lo(X)) =Tgp1 +w-a,
o 1k([x € Lo(X) : B(x)]) = max(Fg41 + w - a + 1,tk(B(0)) + 2),
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Definition
We define the rank of a term or formula by recursion.
@ 1k(T) = Mank(u),
o rk(La(X)) =To41 +w- o,
@ rk([x € Lo(X) : B(x)]) = max(Tp11 +w - a + 1,tk(B(0)) + 2),
k(s € t) = rk(s ¢ t) = max(rk(s) + 6, rk(t) + 1),
k(Ad(t)) = rk(—=Ad(t)) = rk(t) + 5,
(
(3

®
=]

(]
-

()
=

k(AV B) = rk(A A B) = max(rk(A),rk(B)) + 1,
o rk(Ix € t A(x)) = tk(Vx € t A(x)) = max(rk(t), rk(A(D)) +

2).

Let A be a formula. Then rk(B) < rk(A) for any premise B of A.
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Definition
We will write H I% " whenever H Ii I and all the cut formulas in the proof have
rank strictly less than p.

Lemma (Predicative Cut Elimination)
Let o« € H. Let p be an ordinal such that Q, & [p, p + w®) for any n < w. If

HI=Z T then HEES T

A,
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Definition

We will write H I% " whenever H Ii I and all the cut formulas in the proof have
rank strictly less than p.

Lemma (Predicative Cut Elimination)
Let o« € H. Let p be an ordinal such that Q, & [p, p + w®) for any n < w. If

HI=Z T then HEES T

Example 1. Let H |Q+% I with Q, < Q, + w* < Q1. Then, we get
paB

Haal

v
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Definition

We will write H I% " whenever H Ii I and all the cut formulas in the proof have
rank strictly less than p.

Lemma (Predicative Cut Elimination)
Let o« € H. Let p be an ordinal such that Q, & [p, p + w®) for any n < w. If

HI=Z T then HEES T

Example 1. Let H |Q+% I with Q, < Q, + w* < Q1. Then, we get
paB

Haal

v

Example 2. Let H = I with a < Q. Then, we get 1 22" T
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Definition

For any set of ordinal Y we let

Hs(Y) =[{Ba(@) : Y C By(a) with B < a and n < w}.

We recall that ALen(X) is T2 iff A is a KPI £-formula and the terms replacing
free variables have level less than Q,,.

Theorem (Collapsing Theorem)

Let n < w and let m < w. Let T be a set of X -formulas and let o and 3 be
ordinals with 8 € Hg.

wm(lB+an+1+a)
If g for T then Hyummsa |2 g T
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The Embedding Theorem

Let H be any operator.

For every axiom Ax of KPI, we have H I% (Ax)t2e X) where p < Q,, and
a < Q- w?

Each rule of KPI can be embedded in RS;(X). The application of an embedded
KPI rule increases the cut-complexity of the derivation by a finite number.
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The Embedding Theorem

Let H be any operator.
For every axiom Ax of KPI, we have H I% (Ax)t2e X) where p < Q,, and
a<Q, - w2

Each rule of KPI can be embedded in RS;(X). The application of an embedded
KPI rule increases the cut-complexity of the derivation by a finite number.

Theorem (Embedding)

Let ['(a1,...,an) be a finite set of formulas with all the free variables displayed
such that KPI - T(a1,...,a,). Then, there is some m < w such that for any
operator H and any terms sy, ...,s, controlled by H we have

7 2

Qw+m r(517 ooo ,Sn)Lﬂw (X)
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The proof of the Main Theorem

Definition

We define the ordinal e, by recursion on n as follows:
@ ¢ = Qw aF 1,

@ €11 = wen,

Anton Ferndndez Dejean Total set functions of KPI 26 /30



The proof of the Main Theorem

Definition

We define the ordinal e, by recursion on n as follows:
@ ¢ = Qw aF 1,
@ €11 = wen,

Now, we define for each n < w the set G,(x) = Lypg(ensa)(X)-
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The proof of the Main Theorem

Definition

We define the ordinal e, by recursion on n as follows:
@ ¢ = Qw aF 1,
@ €11 = wen,

Now, we define for each n < w the set G,(x) = Lypg(ensa)(X)-

For every natural number n we have e, € By(en+1).
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Theorem (Main Theorem)

Let f be a set-recursive function such that KP| proves that f is total and
uniformly ¥.-definable in any admissible set. Then, there is some n < w such that

V EVx(f(x) € Ga(x)).

KPI' = Ad(u) — [Vx € udly € u Af(x,y)"]. Fix X and let 6 be the set-theoretic
rank of X.
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Theorem (Main Theorem)

Let f be a set-recursive function such that KP| proves that f is total and
uniformly ¥.-definable in any admissible set. Then, there is some n < w such that

V EVx(f(x) € Ga(x)).

KPI' = Ad(u) — [Vx € udly € u Af(x,y)"]. Fix X and let 6 be the set-theoretic
rank of X. By the Embedding Theorem, we have

Qu-w™
Ho g Ad(Lay (X)) = ¥x € Lo, (X)3ly € La,(X)Ar(x, y) 2.
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Theorem (Main Theorem)

Let f be a set-recursive function such that KP| proves that f is total and
uniformly ¥.-definable in any admissible set. Then, there is some n < w such that

V EVx(f(x) € Ga(x)).

KPI' = Ad(u) — [Vx € udly € u Af(x,y)"]. Fix X and let 6 be the set-theoretic
rank of X. By the Embedding Theorem, we have

Ho F222- Ad(Lay (X)) = Vx € Lay(X)3ly € Loy (X)Ar(x, y)-0),
Ho lo —Ad(La, (X)) V ¥x € Loy (X)3ly € Lay(X)A¢(x, y) -0,
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Theorem (Main Theorem)

Let f be a set-recursive function such that KP| proves that f is total and
uniformly ¥.-definable in any admissible set. Then, there is some n < w such that

V EVx(f(x) € Ga(x)).

KPI' = Ad(u) — [Vx € udly € u Af(x,y)"]. Fix X and let 6 be the set-theoretic
rank of X. By the Embedding Theorem, we have

Qu-w™

Ho g Ad(Lay (X)) = ¥x € Lo, (X)3ly € La,(X)Ar(x, y) 2.
Qo -w™

HO Qu+m _‘Ad(LQO(X)) VVx € LQU(X)E!y € LQU(X)Af(Xa)/)L%(X)'
Qg -w™

Ho Fg o ~Ad(Lay (X)), ¥x € Loy (X)3y € Ly (X)Ar(x, ) ).
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Theorem (Main Theorem)

Let f be a set-recursive function such that KPI proves that f is total and
uniformly ¥_-definable in any admissible set. Then, there is some n < w such that

V EVx(f(x) € Ga(x)).

KPIF Ad(u) — [Vx € uTly € u Ar(x,y)"]. Fix X and let 6 be the set-theoretic
rank of X. By the Embedding Theorem, we have

Q™
Holge s Ad(La, (X)) = e & Lau(X)3ly & Lay (X))
Ho I—Q‘_jfm —-Ad(Lg,(X)) VVx € Lo, (X)3ly € La,(X)Ar(x,y)-2X).

Q,-wm
Ho |—Qw+m —-Ad(Lg,(X)),Vx € La,(X)3ly € La,(X)Ar(x,y)-2X).
On the other hand, we also have

Qo -w™
Ho fg =1 Ad(Lg,(X)). 0
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Theorem (Main Theorem)

Let f be a set-recursive function such that KPI proves that f is total and
uniformly ¥_-definable in any admissible set. Then, there is some n < w such that

V EVx(f(x) € Ga(x)).

KPIF Ad(u) — [Vx € uTly € u Ar(x,y)"]. Fix X and let 6 be the set-theoretic
rank of X. By the Embedding Theorem, we have

Q™
Holge s Ad(La, (X)) = e & Lau(X)3ly & Lay (X))
Ho I—Q‘_jfm —-Ad(Lg,(X)) VVx € Lo, (X)3ly € La,(X)Ar(x,y)-2X).

Q,-wm
Ho |—Qw+m —-Ad(Lg,(X)),Vx € La,(X)3ly € La,(X)Ar(x,y)-2X).
On the other hand, we also have

Ho faen- Ad(La, (X)), ¥x € Lay(X)3ly € Lay(X)Ar(x, )50, O
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Theorem (Main Theorem)

Let f be a set-recursive function such that KP| proves that f is total and

uniformly ¥_-definable in any admissible set. Then, there is some n < w such that

V EVx(f(x) € Ga(x)).

By an application of the (Cut) rule, we get
Ho [o22 Wx € Loy (X)3ly € Lay(X)As(x, y) -,

By Inversion,

Q. -w™
Ho |—9w+m dy € LQO(X)Af(X7y)Lno(X)_
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Theorem (Main Theorem)

Let f be a set-recursive function such that KP| proves that f is total and
uniformly ¥_-definable in any admissible set. Then, there is some n < w such that

V EVx(f(x) € Ga(x)).

By an application of the (Cut) rule, we get
Ho [ Vx € Ly (X)3ly € Lag(X)Ar(x, y) 50X,

By Predicative Cut Elimination,

Ho fa Ty € Loy (X)Ar(X, )0,
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Theorem (Main Theorem)

Let f be a set-recursive function such that KP| proves that f is total and
uniformly ¥.-definable in any admissible set. Then, there is some n < w such that

V EVx(f(x) € Ga(x)).

By an application of the (Cut) rule, we get
Ho Fo2- Vx € Ly (X)3ly € Loy (X)Ar(x, y) ),

By the Collapsing Theorem,

Yo(em+2)
Hem+2 wo(em;) dy € LQU(X)Af(X,y)Lﬂo(X).
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Theorem (Main Theorem)

Let f be a set-recursive function such that KP| proves that f is total and
uniformly ¥.-definable in any admissible set. Then, there is some n < w such that

V EVx(f(x) € Ga(x)).

By an application of the (Cut) rule, we get
Ho [52- Wx € Ly (X)3ly € Lay(X)Ar(x, y) -0,

By Predicative Cut Elimination, taking a = ¢(¢o(em+2))(Yo(em+2)),

Henr [ Ty € Lay(X)Ar(X, y) 20X,
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Theorem (Main Theorem)

Let f be a set-recursive function such that KPI proves that f is total and
uniformly ¥_-definable in any admissible set. Then, there is some n < w such that

V EVx(f(x) € Ga(x)).

By an application of the (Cut) rule, we get
Ho b nr Vx € Lay(X) 3y € Lay(X)Ar(x, y) %),

By Boundedness,

Mo o Ty € La(X)Ar(X, y)X).
It follows that L, (X) E Jy Ar(X,y).
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Theorem (Main Theorem)

Let f be a set-recursive function such that KP| proves that f is total and
uniformly ¥ -definable in any admissible set. Then, there is some n < w such that

V EVx(f(x) € Ga(x)).

We have f(X) € Ly(X), where o = o(¢o(em+2))(Yo(em+2)). But we have
em+2 € Bo(em+3). Therefore, Yo(emt2) < Yo(ems3) and so a < Yo(em+3).

Hence,

F(X) € La(X) € Lyg(ens) = Gme3(X).
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